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We present a physical setup for realizing all-real-spectrum optical potentials with arbitrary gain-and-loss
distributions in a coherent medium consisting of a cold three-level atomic gas driven by control and probe laser
fields. We show that by the interference of Raman resonances and the Stark shift induced by a far-detuned laser
field, tunable, non-parity-time (non-PT )-symmetric optical potentials with all-real spectra proposed recently by
Nixon and Yang [Phys. Rev. A 93, 031802(R) (2016)] can be actualized physically. We also show that when the
real parts of the non-PT -symmetric optical potentials are tuned cross certain thresholds, phase transitions—where
the eigenspectrum of the system changes from all real to complex—may occur and hence the stability of the
probe-field propagation is altered. Our scheme can also be extended to high dimensions and to a nonlinear
propagation regime, where stable optical solitons with power of the order of nano-Watts may be generated in the
system.
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I. INTRODUCTION

In quantum mechanics, the Hermiticity of the Hamiltonian
of a physical system, Ĥ , is a sufficient (but not necessary)
condition for obtaining a real eigenenergy spectrum; it also
ensures the probability conservation (so-called unitary evolu-
tion) of the system. Since the pioneering work by Bender [1,2],
a wide class of non-Hermitian Hamiltonians has been found to
possess entirely real spectra below some threshold of system
parameters. The Hamiltonians in that class are said to be parity-
time (PT ) symmetric, as they obey [Ĥ ,P̂ T̂ ] = 0, where P̂

and T̂ are, respectively, the spatial parity and the time reversal
operators. Note that P̂ is a linear operator and acts on the wave
function ψ of the system as P̂ψ(r,t) = ψ(−r,t), while T̂ is not
a linear one and acts as T̂ ψ(r,t) = ψ∗(r,−t). It then follows
that the Hamiltonian with the complex potential V (r) having
the PT symmetry requires the condition V (r) = V ∗(−r),
which implies the real (imaginary) part of the potential must
be an even (odd) function of position r.

In recent years, a large number of investigations focusing
on PT -symmetric Hamiltonians have been conducted at the
forefront of research in fundamental physics and applied
mathematics (for a recent review, see Ref. [3]). Among these
investigations much attention has been paid to the study of
PT -symmetric optics, owing to the fact that classical Maxwell
equations—under the paraxial approximation describing the
propagation properties of light-are mathematically identical
to the Schrödinger equation in quantum mechanics. This
connection between optics and quantum mechanics not only
opens up a new and exciting research territory for non-
Hermitian quantum mechanics but also provides an excellent
platform for realizing and testing the respective theoretical
ideas experimentally, through the manipulation and control

*chang@phy.ecnu.edu.cn
†gabadadze@physics.nyu.edu
‡gxhuang@phy.ecnu.edu.cn

of classical light [4–8]. In addition, such investigations have
already led to many attractive practical applications, including
the realization of nonreciprocal and unidirectional invisible
light propagations [9–11], coherent perfect absorbers [12,13],
giant light amplification [14], novel lasers [15–17], and so on.

InPT -symmetric optics, the optical potential is represented
by the optical refractive index n(r). Optical PT symmetry
requires the real part of the refractive index, Re[n(r)], to be
an even function and the imaginary part of the refractive
index (i.e., gain-loss distribution), Im[n(r)], to be an odd
function in space [18], which is, however, quite restrictive.
It will be desirable if one can still obtain an all-real spectrum
for an optical potential that violates the requirement of PT

symmetry. Several interesting attempts have been made, and
examples where complex potentials are not PT symmetric but
with real spectra have been reported [19–21], which stimulated
a flush of research activities on non-PT -symmetric systems
with real spectra [22–28]. We should also mention that in
the path of exploring entirely real eigenvalues in non-PT -
symmetric systems, a crucial step is the introduction of the
concept of pseudo-Hermiticity, first introduced in Ref. [29].

In a recent work, Nixon and Yang [30] proposed a very
general mathematical approach for searching a non-PT -
symmetric complex potential that allows an all-real spectrum.
They suggested several such potentials with gain-loss distri-
bution fairly arbitrary and showed that the non-PT -symmetric
potentials they suggested may undergo phase transitions, i.e.,
the eigenspectra are changed from all-real to complex when
system parameters go across some thresholds. It is natural
to ask the following question: Is it possible to design a
realistic physical system for realizing such non-PT -symmetric
potentials?

In this article, we give a positive answer for the above
question by presenting a physical setup to realize the non-
PT -symmetric optical potentials with all-real spectra. The
system we suggest is a coherent medium consisting of a cold
three-level atomic gas with two species driven by control
and probe laser fields. We show that, by the interference
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of Raman resonances and the Stark shift induced by a
far-detuned laser field, tunable, non-PT -symmetric optical
potentials with all-real spectra proposed recently in Ref. [30]
can be actualized physically. We also show that, when the
real parts of the non-PT -symmetric optical potentials are
tuned across certain thresholds, phase transitions—where the
eigenspectrum changes from all-real to complex—may occur
and hence the stability of probe field propagation is changed
across the thresholds. We further show that our scheme can be
extended to high dimensions and to a nonlinear propagation
regime, where stable optical solitons with power of the order
of nano-Watts can be generated in such a non-PT -symmetric
optical system.

Before preceding, we note that PT -symmetric optical
potentials have been suggested and realized experimentally
in coherent atomic systems with three- and four-level con-
figurations [31–37]. We stress that PT symmetry based on
multilevel atomic gases interacting with laser fields possess
many advantages. One of them is that such systems admit
authentic optical potentials with PT symmetry; i.e., the
balance between the gain and the loss can be realized in the
whole space. In addition, such optical potentials can be easily
manipulated and controlled in situ with very high precision
through the selection of different atomic levels and laser fields
and the active adjustment of many system parameters [3]. The
research in our work reported below extends the studies in
Refs. [3,31–38] to the case of non-PT symmetry and opens an
avenue for the exploration of non-PT -symmetric optics using
coherent atomic media, which may have potential applications
in optical information processing and transmission, such as the
realization of new types of light propagation and the design
of novel amplifiers and lasers via non-PT -symmetric optical
structures.

The main body of the article is arranged as follows. In
Sec. II, we describe our atomic gas model. In Sec. III, we
illustrate how to realize non-PT -symmetric optical potentials
with all-real spectra by selecting suitable control and Stark
laser fields, and we explore the character of light propagation
in the system. In Sec. IV, we extend our scheme to high
dimensions and a nonlinear propagation regime. The last
section contains the summary of the main results of the present
work.

II. MODEL

The system we consider consists of two species of cold
atoms, i.e., the isotopes of 87Rb (species 1) and 85Rb (species
2), where each atom has a �-type level configuration, loaded
into a two-dimensional (2D) atomic gas cell [31]. A weak,
pulsed probe field Ep (strong, continuous-wave control field
Ec), propagating along the z direction with wave number
kp ≡ 2π/λp (kc ≡ 2π/λc) and angular frequency ωp ≡ kpc

(ωc ≡ kcc), drives the ground state |g,s〉 (|a,s〉) to the excited
level |e,s〉 (s = 1,2 indicates the species of the atoms). For the
mixture of rubidium isotopes we assign |g,s〉 = |5S1/2,F =
1〉, |a,s〉 = |5S1/2,F = 2〉, and |e,s〉 = |5P1/2,F = 0〉 (see
Fig. 1). The half Rabi frequency of the probe field (con-
trol field) is defined as �p = |ep · peg|Ep/(2h̄) [�c = |ec ·
pea|Ec/(2h̄)], where peg (pea) are the electric-dipole matrix
elements associated with the transition |e,s〉 ↔ |g,s〉 (|e,s〉 ↔
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FIG. 1. Energy-level diagram and Raman excitation scheme
of the mixed two species of 87Rb and 85Rb atoms with �-type
configuration of three levels (|g,s〉, |a,s〉, |e,s〉; s = 1,2) interacting
with the probe field Ep , the control field Ec, and the Stark field ES .
�s (s = 1,2) and δ1 are one- and two-photon detunings, respectively.
The black points indicate the energy levels initially populated. SLM1
and SLM2 are spatial light modulators used to produce the spatial
distributions of Ec and ES for acquiring non-PT -symmetric optical
refractive indexes of the probe field.

|a,s〉) and are assumed to be approximately equal for both
isotopes. For the selected levels of rubidium atoms, peg ≈
pea = 2.54 × 10−27 C cm [39]. The polarization unit vector
and the envelope of the probe field (control field) ep and Ep

(ec and Ec) are, respectively.
The motions of the atoms and the probe field are governed,

respectively, by the optical Bloch equation and the Maxwell
equation, which are listed in the Appendix [i.e., Eqs. (A2)–
(A8) in the Appendix]. We assume that the time duration of
the probe field is large enough that the Maxwell-Bloch (MB)
equations can be solved under steady-state approximation. The
probe-field susceptibility inside the atomic cell in the steady
state is defined by χp = p2

eg(N1ρ
1
eg + N2ρ

2
eg)/(ε0h̄�p), where

Ns is the density of the sth isotope and ρs
eg is the atomic

coherence of the sth isotope (s = 1,2). Using the smallness
of the amplitude of the probe field, i.e., |�p/�c| � 1, we
can employ the expansion ρs

jk = ∑
m=0 ρs

jk,m (j,k = g,a,e),
where ρs

jk,m is of the order of magnitude of |�p/�c|m. Substi-
tuting the expansion into the Bloch equations, Eqs. (A2)–(A8),
and neglecting the terms with the time derivative ∂/∂t (i.e.,
steady-state approximation), we obtain in the leading order
(m = 0) the solution ρ1

gg,0 = ρ2
aa,0 = 1 and ρ2

ea,0 = −�c/d
2
ea ,

with other matrix elements being zero. The atomic coherence
ρs

eg can be computed from Eqs. (A2)–(A8) in the first
order (m = 1). We obtain ρ1

eg,1 = δ1�p/[δ1(δ1 + �1 − i�) −
|�c|2] and ρ2

eg,1 = �p/(�2 + i�), and hence the probe-field
susceptibility inside the atomic cell can be expressed as

χp = p2
eg

ε0h̄
(N1D1 + N2D2), (1)

with D1 ≡ δ1/[δ1(δ1 + �1 − i�) − |�c|2] and D2 ≡ 1/(�2 +
i�). Here �s ≡ ωs

e − ωs
a − ωc and δs ≡ ωs

a − ωs
g − (ωp − ωc)
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are, respectively, one- and two-photon detunings, with δ2 ≈ 0
and h̄ωs

a (h̄ωs
g) being the eigenenergy of the level |a,s〉

(|g,s〉). In addition, � = �eg ≈ �ea with �eg (�ea) denoting
the spontaneous-emission decay rate from |e,s〉 to |g,s〉 (from
|e,s〉 to |a,s〉). The spontaneous-emission decay rate from
|a,s〉 to |g,s〉 is much smaller than � and hence can be
neglected, i.e., �ag ≈ 0. For a cold and dilute rubidium gas
� ≈ π × 5.75 MHz, and dephasing processes play a negligible
role [39].

In order to acquire a non-PT -symmetric optical potential,
a desired spatial distribution of the probe-field susceptibility,
and hence of the refractive index n ≈ √

1 + χp), is needed.
To this end, we assume that an x-dependent, far-detuned laser
field (i.e., Stark field), ES(x) cos(ωSt), is applied to the system,
which will induce energy shifts �Ej,S(x) = −αjE

2
S(x)/4

for levels |j,s〉, with αj being the scalar polarizabilities
(j = g,a,e). In addition, the control field is also assumed
to be x dependent, i.e., �c = �c(x). For the selected levels
of rubidium atoms stated above, we have αe − αg ≈ 2πh̄ ×
0.1223 Hz(cm/V)2 and αg ≈ αa [39], and thus �s(x) =
�s − (αe − αg)E2

S(x)/(4h̄) and δ1 is x independent. Note that
the characteristic spatial scale of �s(x) is comparable to the
Stark-field wavelength λS.

With the probe-field susceptibility obtained above, the
equation of motion for the probe-field Rabi frequency given
by Eq. (A8) in Appendix is simplified into the form

i
∂q

∂ζ
+ ∂2q

∂ξ 2
+ V (ξ )q = 0, (2)

where q = �p/�0 is the dimensionless Rabi frequency (with
�0 being the typical Rabi frequency) of the probe field, and
ζ = z/(2kpl2

0) and ξ = x/l0 (with l0 being a characteristic
length comparable to λS) are, respectively, dimensionless
spatial coordinates along the z and x directions. The second
term on the left-hand side of Eq. (2) describes the diffraction
of the probe beam. The optical potential V (ξ ) in the above
equation is given by V (ξ ) = k2

pl2
0χp(ξ ), i.e., proportional to

the susceptibility of the probe field. Eigenmodes of Eq. (2)
have the from q = ψ(ξ ) exp(iμζ ), where ψ satisfies the
eigenvalue equation L̂ψ = μψ , with L̂ = ∂2/∂ξ 2 + V (ξ ) and
μ being the eigenvalue. If we write the potential with the
form V (ξ ) = F (ξ ) − iG(ξ ), then the real part F (ξ ) reflects
the refraction property and the imaginary part G(ξ ) represents
the gain and loss of the probe field (G > 0 corresponds to
gain and G < 0 corresponds to loss). Note that when deriving
Eq. (2) the probe beam has been assumed to have a large spatial
width in the y direction so that the diffraction in the y direction
can be neglected. Such an assumption is removed in Sec. IV.

III. PHYSICAL REALIZATION OF ALL-REAL-SPECTRUM
OPTICAL POTENTIALS WITHOUT PT SYMMETRY

Recently, Nixon and Yang [30] proposed the following
complex potential:

V (ξ ) = g(ξ )2 − 2βg(ξ ) − iG(ξ ), (3)

for obtaining all-real spectra for the operator L̂, where g(ξ ) is
an arbitrary real function, β is a free real parameter [40], and
G(ξ ) = −g′(ξ ) is the gain-loss distribution function. If G(ξ )
is odd [i.e., G(ξ ) = −G(−ξ )] and β = 0, then V (ξ ) reduces to

a PT -symmetric potential. However, because in general cases
G(ξ ) is arbitrary, V (ξ ) can be non-PT symmetric. Nixon and
Yang proved that, by tuning the parameter β, the eigenspec-
trum of the operator L̂ with the non-PT -symmetric potential
of the form (3) changes from all-real to partially complex, and
hence the system may undergo a phase transition through the
adjustment of the “phase transition parameter” β [30].

The main goal of this work is to present a realistic physical
scheme to realize non-PT -symmetric optical potentials with
the form (3) which have all-real spectra and make the
system display phase transitions. To this end, we choose a
set of practical parameters of the system, i.e., �1 = −9�,
�2 = −8.28�, δ1 = 1.81�, l0 = 15 μm, and λS ≈ 8.6 μm.
The electric-dipole matrix element for the given transition
of rubidium is peg = 2.5377 × 10−27 C cm [39]. The atomic
densities of the first and second isotopes are chosen as N1 ≈
1.0 × 1012 cm−3 and N2 ≈ 6.22 × 1011 cm−3, respectively.
Using a method similar to that in Ref. [31], the complex optical
potential with the form of (3) can be created by using the
control and Stark fields shaped as

|�c(ξ )|2/�2 ≈ 0.03[g(ξ ) − β]2 + 1.33G(ξ ) + C1, (4)

ES(ξ )2/E2
0 ≈ 0.06[g(ξ ) − β]2 − 0.35G(ξ ) + C2, (5)

with C1 = 6.52 − 0.03β2, C2 = 0.94 − 0.06β2, E0 =
104 V cm−1, and β is an arbitrary, real parameter. If the spot
size (diameter) is focused onto 100 μm, the Stark field requires
laser power of about 9.8 W, which is almost available now by
using a quantum cascade laser operating in the midinfrared
wavelength range [41]. In addition, the spatial modulations
of the control and Stark fields, Eqs. (4) and (5), may be
generated by carefully designed, high-resolution spatial light
modulators (SLMs). Since all lengths are scaled by l0, the
pixel size of the SLMs should be smaller than 15 μm, which
is also available for present-day SLM techniques [42–44].

In addition to the use of SLMs, alternative methods may
also be adopted to generate the intended field distributions de-
scribed above. For instance, by expanding the expressions (4)
and (5) in the Fourier series, the main terms in the Fourier series
contain only several significant standing-wave components,
which can be created by using pairs of counterpropagating
laser fields, widely used in the present-day optical experiments
[31,38,45].

In order to have a better understanding of the above analysis,
in the following we give two concrete examples for realizing
the non-PT -symmetric potential (3) and demonstrate that
phase transitions may occur in our system. As the first example,
we take

G(ξ ) = −a sech2[a(ξ + d)] + sech2(ξ − d), (6)

where the first (second) term is gain (loss) distribution
function, both of them are localized in space. For this gain-loss
distribution, although no local balance exists between the gain
and loss, there is a global balance (i.e.,

∫ ∞
−∞ G(ξ )dξ = 0, so the

total gain equals to the total loss) in the system. The positive
real parameter a appearing in the first term of the right-hand
side of (6) describes the amplitude and width of the gain profile,
while the positive real parameter d in both terms characterizes
the distance between the gain profile and the loss profile. With
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FIG. 2. (a) Real part Re(V ) (solid line) and imaginary part Im(V )
(dashed line) of V as functions of x/l0 for β = 0. (b) The same
as panel (a) but with β = 0.3. (c) and (d) |�c|2/�2 and E2

S/E
2
0

as functions of x/l0. The solid (dashed) line corresponds to β = 0
(β = 0.3). (e) and (f) Evolutions of probe-field intensity |�p|2/�2

0,
respectively, for β = 0 (below the phase transition point, where wave
propagation is stable) and for β = 0.3 (above the phase transition
point, where wave propagation is unstable). The initial condition is
chosen as �p = �0e

−ξ2
in both panels. In all panels, G(ξ ) and g(ξ )

are, respectively, given by (6) and (7), and the potential parameters
are chosen as a = 2 and d = 2.5; i.e., the optical potentials V shown
in panels (a) and (b) are non-PT symmetric.

(6), we have

g(ξ ) = sinh[a(ξ + d)]sech[a(ξ + d)]

− sinh(ξ − d)sech(ξ − d). (7)

If a = 1 (a special case), the optical potential (3) with (6) and
(7) is PT symmetric. However, for a 
= 1 (general cases) this
potential is non-PT symmetric. Based on the results (4) and
(5), the potential (3) together with (6) and (7) can be produced
in the coherent atomic system described in the last section by
using the control and Stark fields shaped by

|�c(ξ )|2/�2 ≈ 0.03{sinh[a(ξ + d)]sech[a(ξ + d)]

− sinh(x − d)sech(ξ − d) − β}2

−1.33{a sech2[a(ξ + d)]

−sech2(ξ − d)} + C1, (8)

ES(ξ )2/E2
0 ≈ 0.06{sinh[a(ξ + d)]sech[a(ξ + d)]

− sinh(ξ − d)sech(ξ − d) − β}2

+0.35[a sech2[a(ξ + d)]

−sech2(ξ − d)] + C2. (9)

Shown in Fig. 2(a) is the real part Re(V ) (solid line) and the
imaginary part Im(V ) (dashed line) of the optical potential V

as functions of x/l0 with β = 0 and d = 2.5. The amplitude
and width parameter in the gain function [i.e., the first term of

(6)] is chosen as a = 2, and hence the optical potential V is
non-PT symmetric. Figure 2(b) shows the case for β = 0.3
with the other parameters being the same as those in Fig. 2(a).
In this case V is also non-PT symmetric. Shown in Figs. 2(c)
and 2(d) are |�c|2/�2 and E2

S/E
2
0 as functions of x/l0 with

a = 2 and d = 2.5. The solid line is for β = 0 and the dashed
line is for β = 0.3.

In order to know the feature of the probe field for different
potential parameters, a numerical simulation by using the split-
step Fourier method [46] is carried out by choosing different
β in the non-PT -symmetric potential V by keeping a = 2
and d = 2.5 fixed. The result shows that, when β is smaller
than the critical value βcr ≈ 0.17, i.e., β < βcr , the eigenvalues
μ of the operator L̂ are all-real; however, when β > βcr, the
eigenvalue μ becomes complex. Thus, a phase transition of
the system occurs at β = βcr ≈ 0.17.

Figure 2(e) shows the propagation feature of the probe-field
intensity |�p|2/�2

0 as a function of x/l0 and z/z0 (z0 ≡ 2kpl2
0)

for a = 2, d = 2.5, and β = 0. The initial condition is chosen
as a Gaussian pulse, �p(ξ,0) = �0e

−ξ 2
. We see that the probe

field is stable during propagation. The reason is that in this
case the phase transition parameter β of the system locates
in the region β < βcr where the eigenvalues of L̂ are all-real.
The oscillation of the amplitude along the z direction is due
to the non-PT symmetry of the optical potential. Shown in
Fig. 2(f) is the probe-field propagation for β = 0.3. Because
in this situation the system locates in the region β > βcr where
the eigenvalues of L̂ are complex, the probe field is unstable
and is amplified as z increases. Consequently, by adjusting
the phase transition parameter β, i.e., by adjusting the profiles
of control and Stark fields, we can actively control the phase
transition of the system and hence the stability of the probe-
field propagation.

As the second example, we take the gain-loss distribution
function as

G(ξ ) = −ae−a2(ξ+d)2 + e−(ξ−d)2
, (10)

for which the total gain and the total loss also balance each
other. Then, we have

g(ξ ) =
√

π

2
{erf[a(ξ + d)] − erf(ξ − d)}, (11)

where erf(x) is the error function defined by erf(x) =
2√
π

∫ x

0 e−x̃2
dx̃. Potential (3) with (10) and (11) is PT sym-

metric (non-PT symmetric) for a = 1 (a 
= 1). This potential
can be created by using the control and Stark fields shaped as

|�c(ξ )|2/�2 ≈ 0.03{erf[a(ξ + d)] − erf(ξ − d) − β}2

− 1.33[ae−a2(ξ+d)2 − e−(ξ−d)2
] + C1, (12)

ES(ξ )2/E2
0 ≈ 0.05{erf[a(ξ + d)] − erf(ξ − d) − β}2

+ 0.35[ae−a2(ξ+d)2 − e−(ξ−d)2
] + C2. (13)

In Figs. 3(a) and 3(b), we show the spatial distributions of
the real part Re(V ) and the imaginary part Im(V ) of the optical
potential V [with G and g given by (10) and (11)] for β = 0
and β = 0.2, respectively. The other potential parameters are
also taken to be a = 2 and d = 2.5. The spatial modulations of

023833-4



REALIZATION OF NON-PT -SYMMETRIC . . . PHYSICAL REVIEW A 95, 023833 (2017)

FIG. 3. (a) and (b) Real part Re(V ) (solid line) and imaginary
part Im(V ) (dashed line) of potential (3) as functions of x/l0 for
β = 0 and β = 0.2, respectively. (c) and (d) Spatial distributions
of |�c|2/�2 and E2

S/E
2
0 , respectively. The solid (dashed) line is for

β = 0 (β = 0.2). (e) and (f) Evolutions of |�p|2/�2
0 for β = 0 (below

the phase transition point, where wave propagation is stable) and
β = 0.2 (above the phase transition point, where wave propagation
is unstable), respectively. The initial condition is chosen as �p =
�0e

−ξ2
for both panels. In all panels, G(ξ ) and g(ξ ) are, respectively,

given by (10) and (11), and the potential parameters are chosen as
a = 2 and d = 2.5; i.e., the optical potentials V shown in panels (a)
and (b) are non-PT symmetric.

|�c|2/�2 and E2
S/E

2
0 are illustrated, respectively, in Figs. 3(c)

and 3(d), where the solid (dashed) line is for β = 0 (β = 0.2).
We carried out a numerical simulation for examining the

propagation feature of the probe field by using different phase
transition parameters β in the non-PT -symmetric potential V

with a = 2 and d = 2.5 being fixed. The result shows that a
phase transition indeed occurs in this case, with the critical
point of phase transition given by β = βcr ≈ 0.05. When β <

βcr, the eigenvalues μ of the operator L̂ are all-real and the
probe-field propagation is stable [see Fig. 3(e) for β = 0];
when β > βcr, the eigenvalue μ becomes complex and the
probe-field propagation is unstable [see Fig. 3(f) for β = 0.2].

IV. EXTENSION TO HIGH DIMENSIONS AND
NONLINEAR REGIME

The above proposal for realizing non-PT -symmetric com-
plex potentials in the coherent atomic gas can be easily
extended to higher dimensions. Considering that the atoms
are loaded into a 3D atomic cell and the spatial width of the
probe beam in the y direction is small so that the diffraction
effect in this direction must be taken into account, Eq. (2) must
be replaced by

i
∂q

∂ζ
+ ∂2q

∂ξ 2
+ ∂2q

∂η2
+ V (ξ,η)q = 0, (14)

FIG. 4. (a) and (b) Linear evolutions of the probe-field intensity
|�p|2/�2

0 as functions of x and y at z/z0 = 50 [G(ξ ) and g(ξ ) are,
respectively, taken as (10) and (11) with a = 2 and d = 2.5] for
β = 0 (below the phase transition point, hence the wave is stable) and
β = 0.2 (above the phase transition point, hence the wave is unstable),
respectively. The initial condition is chosen as �p = �0e

−ξ2−η2
in

both panels. (c) and (d) Nonlinear evolutions of the probe-field
intensity |�p|2/�2

0. The profiles of G(ξ ) and g(ξ ) are taken as (10)
and (11) but with β = 0.3 for (c) and β = 0.36 for (d), respectively.
The initial condition is chosen as �p = �0 sech(ξ ) in both panels.

where the 2D complex optical potential has the form

V (ξ,η) = g2(ξ ) − 2βg(ξ ) − iG(ξ ) + f (η), (15)

with η = y/l0. In the above equation, f (η) is a new, arbitrary
real function. Since optical potential (15) is separable in the
x and y directions, the system allows phase transitions only
in the x direction by choosing the spatial distributions of �c

and ES . By means of the phase transitions, one can actively
control the stability of the probe beam propagation.

In our atomic system, the 2D complex optical potential (15)
can be created by using the control and Stark fields shaped as

|�c(ξ )|2/�2 ≈ 0.03[g(ξ ) − β]2 + 0.03f (η)

+ 1.33G(ξ ) + C1, (16)

ES(ξ )2/E2
0 ≈ 0.06[g(ξ ) − β]2 + 0.06f (η)

− 0.35G(ξ ) + C2, (17)

with C1 and C2 being the same as those used in Eqs. (4) and (5).
Since the 2D complex potential (15) is a linear superposition
of the 1D complex potential (3) in the x direction and the 1D
real potential f (η) in the y direction, the phase transition point
for the 2D complex potential (15) is the same as that of the 1D
complex potential (3).

As an example, we take f (η) = e−η2
and G(ξ ) and g(ξ ) are

the same as those given by (10) and (11). Shown in Figs. 4(a)
and 4(b) are linear evolutions of the probe-field intensity
|�p|2/�2

0 as functions of x and y at z/z0 = 50 [G(ξ ) and g(ξ )
are, respectively, taken as (10) and (11) with a = 2 and d =
2.5] for β = 0 (below the phase transition point βcr ≈ −0.17)
and β = 0.2 (above the phase transition point), respectively.
The initial condition is chosen as �p = �0e

−ξ 2−η2
in both

panels. We see that, below (above) the phase point, the probe
beam is stable (unstable).
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Our scheme can also be extended into the nonlinear regime
by increasing the intensity of the probe field while keeping it
much weaker than that of the control field [3]. The probe-field
susceptibility calculated up to the third (i.e., |�p/�c|3) order
can be written into the form χp ≈ χ (1)

p + |�p/�c|2χ (3)
p , where

the first-order (linear) susceptibility is given by Eq. (1), while
the third-order (nonlinear) susceptibility reads [38]

χ (3)
p ≈ −p2

eg

ε0h̄

{
N1

�1
+ N1

4|�c|2 − 3δ2
1 + iδ�

�2
1δ

+ 3N2

�2
− iN2

�

�2
2

}
. (18)

Then, by assuming the diffraction in the y direction can be
neglected, we obtain the propagation equation for the probe
field:

i
∂q

∂ζ
+ ∂2q

∂ξ 2
+ V (ξ )q + W |q|2q = 0, (19)

where W ≡ k2
pl2

0
�2

0
|�c|2 χ

(3)
p characterizes the Kerr nonlinear

effect of the probe field. Due to the resonance character of
the system, such a nonlinear effect can be greatly enhanced.

Since �s and �c are chosen to depend on ξ , the third-
order susceptibility χ (3)

p is also space modulated. However, it
can be separated by a constant part and a space-modulated
part, i.e., χ (3)

p = χ
(3)
p,0 + χ

(3)
p,1(ξ ), since in most regions of the

system parameters, the space-modulated part χ
(3)
p,1(ξ ) is much

smaller than the constant part χ
(3)
p,0 (for the system parameters

given in Sec. III, χ
(3)
p,1(ξ ) is 1 order of magnitude smaller than

χ
(3)
p,0). Consequently, under the required accuracy, the space-

modulated part can be safely neglected. In addition, because
�s � �, the imaginary part of χ (3)

p is much smaller than the
real part and thus can also be neglected. As a result, χ (3)

p (and
hence W ) can be approximated as a real constant. Indeed, with
the given parameters we obtain χ (3)

p ≈ 0.017, which results in
W ≈ 1 by taking �0 ≈ 0.2�.

Equation (19) supports optical soliton solutions, which may
be stable in a wide range of system parameters. Figure 4(c)
shows the soliton evolution for the probe-field intensity
|�p|2/�2

0 by solving Eq. (19) for W = 1. The profiles of
G(ξ ) and g(ξ ) are taken as (6) and (7) with a = 2, d = 2.5,
and β = 0.3, and hence the optical potential V (ξ ) is non-PT
symmetric. The initial condition is chosen as �p(ξ,0) =
�0 sech(ξ ). From the figure we see that the optical soliton
is stable during propagation. Since β(= 0.3) in this nonlinear
case (W = 1.0) is larger than the critical value (βcr = 0.17) of
the phase transition in the corresponding linear case (W = 0),
we deduce that the critical value of the phase transition in the
nonlinear case, βnonl

cr , will be larger than that in the linear case
(i.e., βnonl

cr > βcr).
To check the above deduction and to seek the value of

βnonl
cr , we carry out a numerical simulation by examining the

propagation character of the optical soliton via changing the
value of β. We find βnonl

cr ≈ 0.32, i.e., the soliton is stable
(unstable) for β < βnonl

cr = 0.32 (β > βnonl
cr = 0.32). Shown in

Fig. 4(d) is the optical soliton evolution for β = 0.36. We see
that the soliton is indeed unstable during propagation because
β > βnonl

cr . The physical reason for the increase of the critical

value of the phase transition in comparison with the linear
case is due to the fact that the nonlinear term in Eq. (19)
contributes an equivalent potential to the wave function q and
hence changes the ratio between the real and imaginary parts of
the non-PT -symmetric potential V . Because the nonlinearity
in Eq. (19) is of a self-focusing type, it causes a positive shift
of the critical value of the phase transition. Note in passing that
the nonlinear effect on the phase transition in PT -symmetric
systems has been studied recently [47], and the soliton stability
in non-PT -symmetric systems has also been explored in Ref.
[26].

The power of the optical soliton described in Fig. 4(c) can
be estimated by using the Poynting’s vector. Taking the beam
diameter of the probe field to be the same as 100 μm, we obtain

Psoliton ≈ 3.4 nW, (20)

which is extremely small compared with the power of solitons
in conventional systems such as optical fibers. The reason is
that the coherent atomic gas proposed here possesses largely
enhanced Kerr nonlinearity due to the resonant feature of
the system, Thus, extremely low input power is required
for generating the stable optical solitons in the coherent
atomic system with the non-PT -symmetric optical potentials
suggested above.

V. CONCLUSION

In this work, we have presented a realistic physical setup
for realizing all-real-spectrum optical potentials with arbitrary
gain-and-loss distributions in a coherent atomic medium. The
system we suggested consists of a cold three-level atomic gas
with two species driven by control and probe laser fields. We
have shown that by the interference of Raman resonances and
the Stark shift induced by a far-detuned laser field, tunable,
non-PT -symmetric optical potentials with all-real spectra
proposed recently by Nixon and Yang [30] can be actualized
physically in our system. We have also shown that when real
parts of the non-PT -symmetric optical potentials are tuned
across certain thresholds, phase transitions may occur and
hence the stability of probe field propagation is changed across
the thresholds. In addition, we have extended our scheme
into high dimensions and to a nonlinear propagation regime
and demonstrated that stable optical solitons with power of
the order of nano-Watts may be generated in such non-
PT -symmetric optical system. The research presented here
opens an avenue for the exploration of non-PT -symmetric
systems with all-real spectra by using coherent atomic media,
and the results reported may have potential applications in
optical information processing and transmission, including the
realization of new types of light propagation and the design of
novel amplifiers and lasers based on the properties of non-PT
symmetry.

ACKNOWLEDGMENTS

C.H. and G.H. thank V. V. Konotop for useful conservations.
This work was supported by the National Natural Science
Foundation of China (NSFC) under Grants No. 11475063
and No. 11474099, the Program of Introducing Talents of
Discipline to Universities under Grant No. B12024, and the

023833-6



REALIZATION OF NON-PT -SYMMETRIC . . . PHYSICAL REVIEW A 95, 023833 (2017)

National Basic Research Program of China under Grant No.
2016YFA0302103.

APPENDIX: OPTICAL BLOCH EQUATIONS FOR
DENSITY MATRIX

Under electric-dipole and rotating-wave approximations,
the Hamiltonian of the system in the interaction picture reads

Ĥint =
2∑

s=1

{ h̄[δs |a,s〉〈a,s| + (�s + δs)|e,s〉〈e,s|]

−h̄(�p|e,s〉〈g,s| + �s |e,s〉〈a,s| + H.c.)}, (A1)

where �s , δs , �p, and �s have been defined in the main text.
The motion of atoms is governed by the optical Bloch equation
[45]:

i
∂

∂t
ρs

gg = i�egρ
s
ee − �∗

pρs
eg + �pρs∗

eg , (A2)

i
∂

∂t
ρs

aa = i�eaρ
s
ee − �∗

cρ
s
ea + �cρ

s∗
ea , (A3)

i
∂

∂t
ρs

ee = −i(�eg + �ea)ρs
ee + �∗

pρs
eg − �pρs∗

eg

+�∗
cρ

s
ea − �cρ

s∗
ea , (A4)

i
∂

∂t
ρs

ag = −ds
agρ

s
ag + �pρs∗

ea − �∗
cρ

s
eg, (A5)

i
∂

∂t
ρs

eg = −ds
egρ

s
eg + �p

(
ρs

ee − ρs
gg

) − �cρ
s
ag, (A6)

i
∂

∂t
ρs

ea = −ds
eaρ

s
ea + �c

(
ρs

ee − ρs
aa

) − �pρs∗
ag, (A7)

where ρij are the atomic density matrix elements, ds
ag ≡

δs,1δ1 + iγag (δi,j = 1 for i = j ; δi,j = 0 for i 
= j ), ds
ea ≡

−�s + iγea , and ds
eg ≡ δs,1δ1 − �s + iγeg , with δ1 � �s .

Note that we are interested in the situation where both the
control and the probe laser fields contain a large number of
photons and hence can be treated as classical fields, and hence a
semiclassical approach can be applied. In addition, we assume
that the control field is strong so that it is undepleted (i.e.,
the control-field Rabi frequency ωc is a constant) during the
evolution of the system.

The equation of motion for the probe-field Rabi fre-
quency �p can be obtained by using the Maxwell equation
∇2Ep − (1/c2)∂2Ep/∂t2 = [1/(ε0c

2)]∂2P/∂t2, where P =∑2
s=1 Nspeg,sσeg,se

i(kpz−ωpt) + c.c. is the polarization intensity
of the probe field. Under paraxial and slowly varying envelope
approximations, one can derive the equation of motion for the
probe-field Rabi frequency �p:

i

(
∂

∂z
+ 1

c

∂

∂t

)
�p + c

2ωp

(
∂2

∂x2
+ ∂2

∂y2

)
�p

+ κ1ρ
1
eg + κ2ρ

2
eg = 0, (A8)

where κs = Nsωp|ps
eg|2/(2ε0ch̄) (s = 1,2).
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