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Scale invariance plays an important role in unitary Fermi gases. Discrete scaling symmetry
manifests itself in quantum few-body systems such as the Efimov effect. Here, we report on
the theoretical prediction and experimental observation of a distinct type of expansion
dynamics for scale-invariant quantum gases.When the frequency of the harmonic trap holding
the gas decreases continuously as the inverse of time t, the expansion of the cloud size
exhibits a sequence of plateaus. The locations of these plateaus obey a discrete geometric
scaling law with a controllable scale factor, and the expansion dynamics is governed by a
log-periodic function. This marked expansion shares the same scaling law and mathematical
description as the Efimov effect.

I
nteraction between dilute ultracold atoms is
described by the s-wave scattering length.
For a spin-1/2 Fermi gas, when the scattering
length diverges at a Feshbach resonance,
there is no length scale other than the inter-

particle spacing in this many-body system, and
therefore the system, known as the unitary Fermi
gas, becomes scale invariant. The spatial scale
invariance leads to universal thermodynamics
and transport properties, as revealed by many
experiments (1–13). On the other hand, in a boson
system with an infinite scattering length, three-
body bound states can form, where the extra
length scale of the three-body parameter turns
the continuous scaling symmetry into a discrete
scaling symmetry and gives rise to an infinite
number of three-body bound states whose ener-
gies obey a geometric scaling symmetry. This so-
called Efimov effect (14, 15) has been observed in
cold atom experiments (16–23), with recent work
confirming the geometric scaling of the energy
spectrum (24–27).
For a harmonic trapped gas, the expansion

dynamics offers great insight to the property of
the gas (28–33). Here, we consider what happens
to a scale-invariant quantum gas held in a har-
monic trap when the trap is gradually opened up
by decreasing the trap frequency w as 1=ð ffiffiffi

l
p

tÞ,
where l is a constant and t is time (Fig. 1, A and
B). Naïvely, by dimensional analysis, one would
expect that the cloud sizeR just increases as

ffiffi
t

p
.

Here we show, both theoretically and experi-
mentally, that when l is smaller than a critical
value, the expansion dynamics displays a discrete
scaling symmetry in the time domain. As a
function of t, R displays a sequence of plateaus,
whichmeans that at a set of discrete times tn the

cloud expansion stops, despite the continuous
decreasing of the trap frequency. The locations of
the plateaus tn obey a geometric scaling behavior.
To explain these dynamics, we first point out

why w ¼ 1=ð ffiffiffi
l

p
tÞ is special. For simplicity, we

first consider a three-dimensional (3D) isotropic
trap V ðrÞ ¼ mw2r2=2. In the absence of a trap-
ping potential, the system is invariant under a
scale transformation r→ Lr, whereas in the
presence of a static harmonic trap, the fixed har-
monic length introduces an additional length
scale that breaks this spatial scale invariance.
Nevertheless, if w changes as 1=ð ffiffiffi

l
p

tÞ, the time-
dependent Schrödinger equation exhibits a space-

time scaling symmetry under the transformation
r→ Lr and t → L2t.
Defining the cloud size as R

^2 ¼
X

i

r2i =N ,

the equation-of-motion for R
^ 2 can be derived as

i ddthR
^ 2i ¼ h½R^2;H^ðtÞ�i ¼ 2i

NhD^ i, where D
^ ¼

X

i
1
2ðri ⋅ pi þ pi ⋅ riÞ is the generator of a spatial
scaling transformation. Using the fact that the
system is scale invariant, and by taking higher-
order time derivatives of hR^2i, we conclude that
the cloud size hR^2i obeys the differential equation
(see supplementary text S1):

d3

dt3
hR^2i þ 4

lt2
d

dt
hR^2i − 4

lt3
hR^2i ¼ 0 ð1Þ

In the experiment, we start with a finite initial
trap frequencyw0 before turning it down (Fig. 1B).
The system is at equilibrium for t < t0, and at
t ¼ tþ0 , hR^2iðt0Þ ¼ R2

0 and dm

dtm hR
^2ijt¼t0

¼ 0 for
m ¼ 1; 2. This sets a boundary condition for
Eq. 1 that can turn its continuous scaling sym-
metry in the time domain into a discrete one.
The solution of Eq. 1 can be generally written in

a form as hR2ðtÞi ¼ C1 f 21 þ C2 f1 f2 þ C3 f 22 (The
constants C1, C2, and C3 are determined by the
boundary conditions), where f1 and f2 are two
linear independent solutions (see supplementary
text S1) of

d2f

dt2
þ 1

lt2
f ¼ 0 ð2Þ

By replacing f ðtÞ with yðrÞ and t with r and
regarding y as a real wave function and r as the
hyper-radius, Eq. 2 becomes the zero-energy
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Fig. 1. The schematic of the Efimovian expansion. (A and B) A scale-invariant ultracold gas is first

held in a harmonic trap with frequency w0. Then, starting from t0 ¼ 1=ð ffiffiffi
l

p
w0Þ, the trap frequency starts

to decrease as 1=ð ffiffiffi
l

p
tÞ, and the cloud expands. (C) The theoretical predication of the Efimovian

expansion: The cloud sizeR as a function of time t follows a log-periodic function and exhibits a series of
plateaus. The locations of the plateaus obey a geometric scaling law.
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Schrödinger equation for the Efimov effect in
the hyperspherical coordinate (14, 15). This reveals
a connection between this dynamical expansion
and the Efimov problem. l ¼ 4 is a special point
for Eq. 2. For l < 4, there are two independent
solutions of Eq. 2, f1 ¼

ffiffi
t

p
cosððs0=2ÞlntÞ and

f2 ¼
ffiffi
t

p
sinððs0=2ÞlntÞ, where s0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=l − 1=4

p
;

hR2i then takes a log-periodic form

hR^2iðtÞ
R2
0

¼ t

t0

1

sin2ϕ
½1 − cosϕ⋅cosðs0ln t

t0
þϕÞ�ð3Þ

where ϕ ¼ −arctans0 is determined by the
boundary condition at t ¼ t0. Equation 3 clear-
ly reveals the discrete scaling symmetry—i.e.,
when t2 ¼ e2p=s0 t1, hR^2iðt2Þ ¼ e2p=s0 hR^2iðt1Þ, and
dm

dtm hR
^2ijt¼t2

¼ e−2pðm−1Þ=s0 dm

dtm hR
^2ijt¼t1

for all the
m-th order derivatives. Therefore, at time tn ¼
e2pn=s0 t0, the first- and second-order time deriv-
atives for hR^2i become zero and the cloud ex-
pansion is strongly suppressed, that is to say,
the expansion dynamics shows a series of pla-
teaus around each tn. A similar conclusion can
also be obtained from the hydrodynamics ex-
pansion equations (34, 35). Note that s0 is
tunable by the speed of the decrease of the trap
frequencywðtÞ. When l > 4, hR^2i simply follows
a power law as hR^ 2iðtÞ ∼ t1þh for t ≫ t0, where
h ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4=l
p

. A detailed comparison between
this expansion and the Efimov effect is sum-
marized in table S1. We will refer to this effect
as the Efimovian expansion.
In our experiment, we use a balanced mix-

ture of 6Li fermions in the lowest two hyperfine
states j↑i ≡ jF ¼ 1=2;MF ¼ −1=2i and j↓ i ≡ jF ¼
1=2;MF ¼ 1=2i. Fermionic atoms are loaded into
a cross-dipole trap to perform evaporative cooling.
The resulting potential has a cylindrical symmetry
around the z axis, and the trap anisotropic fre-
quency ratio wr=wz is about 9. The above the-
oretical considerations hold for the isotropic case,
but similar results can be obtained for an aniso-
tropic trap (see supplementary text S2). Starting at
the initial time t0, the trap potential is lowered as

V ðrÞ ¼ m

2lrt2
r2 þ m

2lzt2
z2 ð4Þ

Because lr=lz ¼ ðwz=wrÞ2≪ 1 the effect ismore
pronounced along the axial direction than in the
transverse direction. Therefore, hereafter we focus
on the cloud expansion along the axial direction.
Theory shows (see supplementary text S2) that
the axial cloud square size R2

z obeys the same
form as Eq. 3, except

s0 ¼ wb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=lz − 1=4

p
ð5Þ

where wb is a factor related to the breathing
mode frequency, wb ¼ 2 for the noninteracting
gas, and wb ¼

ffiffiffiffiffiffiffiffiffiffi
12=5

p
for the unitary Fermi gas

along the axial direction. A Feshbach resonance
is used to tune the interaction of the atoms either
to the noninteracting regime with the magnetic
field B = 528 G or to the unitary regime with B =
832G. The trap frequency is lowered by decreasing
the laser intensity, and lz is controlled by the de-

crease rate of the laser intensity, with the initial
axial trap depth always fixed at 5%U0, where U0

is the full trap potential. Thus, different lz corre-
sponds to different t0 ¼ 1=ð ffiffiffiffiffi

lz
p

w0
z Þ, where w0

z is
the initial axial trap frequency. Finally, after cer-
tain expansion time texp with the trap, the trap is
completely turned off and the cloud is probed by
standard resonant absorption imaging techniques
after a time-of-flight expansion time ttof = 200 ms.
Each data point is an average of five shots of the
measurements at identical parameters.
The time-of-flight density profile along the

axial direction is fitted by a Gaussian function as
A0 þ A1e−z

2=s2z , fromwhichwe obtain sz;obs. sz;obs
is related to the in situ cloud size by a scale factor
bz via sz;obs ¼ bzðttof Þsz ; bzðttof Þ can be obtained
from either hydrodynamic or ballistic expansion
equation with the time-of-flight time ttof (see
supplementary text S5). Because the trap is quite
anisotropic, the cloud expands slowly along the
axial direction during a short time-of-flight, and
the expansion factor bz only gives a quantitative
correction to the results. Figure 2 shows the
typical measurements of sz with different lz for
both the noninteracting and the unitary Fermi
gases. For instance, for lz ¼ 0:06, we decrease
the trap frequency from 2p� 567:3 Hz to 2p�
71:0 Hzwithin 8ms. Dots are themeasureddata,
and the solid and the dashed lines are both theo-
retical curves based on Eq. 3, taking s0 as a fitting
parameter or using s0 given by Eq. 5, respectively.
Because sz is obtained by a Gaussian fit to the
density profile, s2z ¼ 2hR^2z i, and thus the theoret-

ical expression for sz=sz;0 is simply a square root
of Eq. 3. Figure 2 clearly shows the plateaus for
the expansion dynamics and an excellent agree-
ment between theory and experiment. Density
profiles for three successive measurement times
inside a plateau almost perfectly overlapwith each
other (Fig. 2B, inset), which confirms that the
expansion stops at the plateau.
For smaller lz, the trap frequency decreases

slower, the plateaus become denser, and the dif-
ference in height between two adjacent plateaus
becomes smaller. The adiabatic limit is reached
for lz → 0, where the mean square of the cloud
size follows a linear expansion as expected.
For the critical value lz ¼ 4 (red dots in Fig. 2),

no plateaus are observed within finite expansion
time.How the plateaus disappears as lz→4 could
not bemeasuredhere. This is because as lz→4, s0
decreases toward zero, the period increases ex-
ponentially, and therefore even the first plateau
would appear after a very long expansion time.
On the other hand, there is a lower limit for the
trap frequency below which atoms cannot be
trapped. Together with the fact that the larger
the lz , the faster the trapping frequency drops
and the shorter the expansion time, the plateaus
could not be observed even before reaching the
critical value lz ¼ 4 within the finite expansion
time. Nevertheless, for comparison, we have per-
formed measurements where the trapping fre-
quency decreases with similar average speeds in
Fig. 2, but the time dependence of wðtÞ is differ-
ent from 1=t, which breaks the aforementioned

372 22 JULY 2016 • VOL 353 ISSUE 6297 sciencemag.org SCIENCE

Fig. 2. Experimental
observation of the Efi-
movian expansion.The
mean axial cloud size sz

(with s2z ¼ 2hR^2z i) versus
the expansion time
texp ¼ t − t0 for (A) a non-
interacting Fermi gas of 6Li
measured at B = 528 G
and (B) a unitary Fermi gas
measured at B = 832 G.
Dots are measured data.
Black, blue, and green dots
denote lz ¼ 0:02, 0:07,
and 0:36 for (A), and
lz ¼ 0:01, 0:02, and 0:06
for (B). The dashed lines
are the theory curves
based on Eq. 3 (with s0
given by Eq. 5) without any
free parameters, and the
solid lines are the best fit
using the function form of
Eq. 3, with s0 as a fitting
parameter. Red dots in
both figures denote the
case with lz ¼ 4, and the
shaded area is the regime
where expansion does not
show discrete scaling

symmetry. The inset in (B) shows three successive density profiles (after the time-of-flight) when the
time texp is located inside a plateau, as indicated by the arrows. Error bars, mean ± SD.

RESEARCH | REPORTS

 o
n 

Ja
nu

ar
y 

3,
 2

01
7

ht
tp

://
sc

ie
nc

e.
sc

ie
nc

em
ag

.o
rg

/
D

ow
nl

oa
de

d 
fr

om
 

http://science.sciencemag.org/


spatial-time scaling symmetry. The plateaus are
indeed not observed in the expansion (fig. S2).
We now demonstrate that these dynamics are

universal. First, we should verify that s0 relates to
lz via Eq. 5. In the experiment, lz is determined
by the trap frequencies measured by the para-
metric resonance, and s0 is extracted from the
best fit of the expansion data in Fig. 2. The
universal relation between s0 and g ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=lz − 1=4

p

is plotted in Fig. 3A. s0ðgÞ can fit very well with a
linear function s0 ¼ kg, which gives the slope
k ¼ 1:94 T 0:03 for the noninteracting case and
k ¼ 1:53 T 0:03 for the unitary Fermi gas. These

are in good agreement with wb ¼ 2 for the
noninteracting case and wb ¼

ffiffiffiffiffiffiffiffiffiffi
12=5

p ¼ 1:55 for
the unitary case. The Efimovian expansion is also
robust and insensitive to the temperature and
atom number of the Fermi gas (Fig. 3B).
Second, we notice that the noninteracting and

the unitary cases only differ in the relation
between s0 and l, and once s0 is given to be the
same, the dynamics are exactly identical for
these two different systems (Fig. 3, C and D). In
other words,Rz=Rz (0) is a function of s0 (orϕ)
and t=t0 is a universal function for all scale-
invariant systems.

Finally, we study a time-reversed compression
process. Consider an expansion process from t0
to tf , where the trap frequency decreases from
w0 ¼ 1=ð ffiffiffi

l
p

t0Þ to wf ¼ 1=ð ffiffiffi
l

p
tf Þ. Now we con-

sider an inverted process of increasing the trap
frequency as w ¼ 1=ð ffiffiffi

l
p ðtf þ t0− tÞÞ, where the

trap frequency increases from wf to w0 when t
changes from t0 to tf . For the compression
dynamics to really invert the expansion dynam-
ics, tf has to be carefully chosen to satisfy
tf ¼ e2pn=s0 t0. We perform such an experiment
(Fig. 4) showing that the dynamical process with
a carefully chosen boundary is time-reversal
symmetric. The small asymmetry arises because
the lowering of the trap during expansion (black
dots) causes evaporative cooling, which decreases
cloud sizes correspondingly.
Our results are universal for all scale-invariant

quantumgases. Future experiments can test them
with a Tonks gas in 1D and in a 2D quantum gas,
where the deviation from the log-periodic be-
havior can be used to calibrate the scaling sym-
metry anomaly in 2D (36–39). In the 3D case, it
will be interesting to investigate the scaling sym-
metry breaking when the system is tuned away
from the scale-invariant points of zero and infinite
s-wave scattering length. The study could also be
generalized to observe a dynamic analogy of a re-
cently proposed super-Efimov effect (40–42).
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and the frequency changing from
wf (at t0) to w0 (at tf). Here,
lz ¼ 0:01 and the data are taken in
the unitary regime. Error bars,
mean ± SD.
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PHYSICS

Electron microscopy of
electromagnetic waveforms
A. Ryabov1,2 and P. Baum1,2*

Rapidly changing electromagnetic fields are the basis of almost any photonic or electronic device
operation.We report how electron microscopy can measure collective carrier motion and fields
with subcycle and subwavelength resolution. A collimated beam of femtosecond electron pulses
passes through a metamaterial resonator that is previously excited with a single-cycle
electromagnetic pulse. If the probing electrons are shorter in duration than half a field cycle, then
time-frozen Lorentz forces distort the images quasi-classically and with subcycle time
resolution. A pump-probe sequence reveals in a movie the sample’s oscillating
electromagnetic field vectors with time, phase, amplitude, and polarization information.This
waveform electron microscopy can be used to visualize electrodynamic phenomena in
devices as small and fast as available.

E
lectron microscopy works at wavelengths
100,000× smaller than that of light and there-
fore allows studying matter and materials
with subatomic resolution (1, 2).With added
temporal resolution, ultrafast reaction paths

in physical and chemical transitions can also
be recorded (3, 4).
Rather elusive for electronmicroscopy, however,

have been electrodynamic phenomena, although
oscillating currents and fields are fundamental to
the operation of almost any information process-
ing device or metamaterial. Based on differential
phase contrast (5, 6), ptychography (7), or laser-
electron energy exchange techniques (8), electron
microscopy studies on electromagnetism could
reveal electrostatic field distributions (9–11), ultra-
fast carrier diffusions (12, 13), or cycle-averaged
nanophotonic dynamics (14–16), but so far not the
fundamental electromagneticwaveformswith their
rapidly oscillating field vectors.
Wemerged the electronmicroscope’s supremacy

in matter characterizations with a subcycle and
subwavelength access to electromagnetic pheno-
mena (Fig. 1). Femtosecond electron pulses (Fig.
1, blue) at 70 keV central energy are generated by
pulsed-laser photoemission (17). The electronwave-

packets (18) are further compressed in time by a
terahertz field (Fig. 1, red) in grazing incidence to
a foil (19). Alternatives here could bebeamblanking
(20), microwave compression (18), photon-gating
(21), or ponderomotive bunching (22). Amagnetic
lens (Fig. 1, gray) widens the beam for passage
through the sample with close-to-zero divergence.
The proof-of-principle sample is ametal split-ring
resonator (Fig. 1, yellow), which is a typical build-
ing block for metamaterials (23) or surfaces (24)
with optical effects otherwise not available (25, 26).
The resonator with ~250 mmradius is excitedwith
a single-cycle, phase-locked electromagnetic pulse
of 0.1 to 0.8 THzbandwidth (17). It propagates along
the z axis with a linear polarization oriented ~5°
off the y axis. The electron pulse duration at the
sample is ~15 times shorter than the excitation
half-cycle. An objectivemagnetic lens (Fig. 1, gray)
magnifies the shadowed electron beam onto a
screen (Fig. 1, green). Some intentional defocus
makes the scheme sensitive to local beam de-
flections (Fig. 1, dotted lines) and allows con-
cluding from the distorted screen images, taken
at a sequence of electron/field delay times, to the
time-frozen electrodynamics in the sample.
First results are shown in Fig. 2, obtainedwith

the excitation field depicted in Fig. 2A and at a
magnification of about 5×. The electron pulses
are characterized by streaking (19) and have
80-fs duration (Fig. 2B). The resonator, which
was laser-machined into 30-mm-thick alumi-
num foil (Fig. 2C), shows some imperfections,

in particular fringy edges and off-center circles.
An isosurface of the time-dependent shadow
pattern deformations reveals pronounced tem-
poral oscillations (Fig. 2D). The raw images (shown
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Fig. 1. Concept and experimental setup.A femto-
second laser produces single-cycle terahertz pulses
(red) and a beam of femtosecond electron pulses
(blue).The terahertz radiation compresses the elec-
trons in time and also triggers electromagnetic res-
onance in the sample (yellow). The electron pulses
are locally and instantaneously distorted (dotted
lines) and therefore reveal the electrodynamics of
the sample.
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Qi and Haibin Wu (July 21, 2016) 
Shujin Deng, Zhe-Yu Shi, Pengpeng Diao, Qianli Yu, Hui Zhai, Ran
Fermi gases
Observation of the Efimovian expansion in scale-invariant

 
Editor's Summary

 
 
 

, this issue p. 371Science
progression, a consequence of scale invariance in the strongly interacting limit.
Fermi gas held in such a trap stalled at certain time points. These time points formed a geometric 
inversely proportional to the elapsed time. Instead of expanding continuously, a strongly interacting
when they reduced the characteristic frequency of the parabolic trap so that it was at any moment 

 observed an interesting effectet al.cost for atoms that are farther from the trap center decreases. Deng 
energydensity at the center of the trap. When the trap is made shallower, the gas radially expands as the 

Cold atomic gases are often studied while confined in parabolic traps, with the largest atomic
Steps to ultracold gas expansion
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